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INFLUENCE OF TURBULENT Pr NUMBER ON FRICTION AND HEAT TRANSFER
AT A PLATE IMMERSED IN A TURBULENT GAS STREAM

[. P. Ginzburg and I. V. Korneva
Inzhenerno-Fizicheskii Zhurnal, Vol. 9, No. 2, pp. 155-162, 1965
A solution is offered to the problem of determining the friction and heat transfer coefficients for a plate im-

mersed in a turbulent gas stream, using the approximate dependence of heat content on velocity given in
reference [1]. The influence of Prp on friction and heat transfer is evaluated.

The following relation, between heat content and velocity was established in reference [1] for the case of zero-
gradient flow with arbitrary Pry and PrT;
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The present paper makes use of this relation and the principles of the semi-empirical theory of turbulence to eval-
uate the influence of the Pr. number on friction and heat transfer at a plate,

Approximate Form of R(¢) and S(¢) for a Two-Layer System

We shall conventionally divide the complete boundary layer into two zones: a laminar sublayer and a turbulent
layer. The dimensionless velocity in these layers will vary, respectively, from 0 to ¢ in the laminar sublayer and from
@1, to 1 in the turbulent layer. The Pr number will take a value equal to Pry in the laminar sublayer and a value equal
to Prp in the turbulent layer, We then have

| fl—Pr 9
S(e) = S(¢y) -:- — - \ Pr, (exp—\ -—L ad;:'dP)d%,

We represent w (¢) approximately in the form of a third-degree polynomial:
w=1- q)a.

Assuming that Prp and Prj are constants, we calculate S(¢p) and R(¢p). Making a numerical approximation to the re-
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sults obtained, we have

The integrals S(¢) and R(¢), with account for the form of S(¢p) and R(¢p), become

S (¢) =(le1 —ii “’TL“”T] oI WP,
L

' Pry, L
R((P) =(pi(PrL—Pr,)+2Pr,[2, (2)
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e ¢ 9
I3 =j u)prr_ld(p, I, szPrT—I (j ml—Per(p)d(P‘
0 0 0

Calculation of I; and I, for Pry. varying from 0.5 to 2 shows that I, and [, may be put in the approximate form

L=a 9, I=a,¢% &)
where

a, = 1.214 —0.214Pr,, a,=0.65—0.15Pr,.

As regards Iy (1) and Ip (1), I,(1) may be accurately expressed in terms of gamma functions, and I,(1) approximately, as
follows:
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3 T (Pr,--%,) 12 F(®/3 + Pr;)

Determining (0h/9 ¢),, from the boundary conditions h =hy when ¢ = 0, we obtain
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where .
S(1) = s, +B1a(1),

R(1) = vg2 + 2P, Ly (1),
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Substituting (2) into (1) and taking (3) into account, we can approximate to the dependence of h on ¢ in the turbulent
layer by means of a second-degree polynomial in ¢:

h-=A¢*+Bg+C, (5)

where
A=_2Pr,a,d,
B=(1—h, LIR(1)— 11d*)BayS(1),
C=hy =+ (1—h, +[R(1) — &) ag /S (1) ~ " yo, .
In the laminar sublayer

S(e) =9, R(¢)=Pr ¢%

E=hw+k5$) ¢—u’ Pryg*=h,+ B ¢+ A ¢ (6)
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Derivation of the Velocity Profile

We shall determine the velocity distribution law over the boundary layer

In accordance with the basic assumptions of the semi-empirical theory of turbulence, the friction stress is given by

Y>3y, tv=pk?y*u? 0oy,
y<3, T=pudp/dy.

In accordance with the preceding paragraph, we make the assumption

T, =1 — ¢
We shall further suppose that

0/oy = hy/h = hy /h.

Using the expressions derived, after substituting h from (5), for determining the dependence ¢(y) we obtain

. b,
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Integrating (8) approximately, and taking into account that A < 0, on condition that

¢ =1 wheny =8, we obtain

Y V% e LI07 [ resin =228 __ oresin (—-————————-——_m 245 > (9
b V —A VB2—4AC V B BT 4AC )
In the laminar sublayer, assuming that p = u, (#/h,,)", after substituting the value of h from (6) into (7), for deter-
mining ¢ (y) we obtain the equation
/ B A’ d @
(1+—:——cp—}~-:~cp2)———(ﬁ-z i , (10)
By h, dy g, U

whose solution may be written approximately as

nB . nA Ty
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This formula is valid for 0 =y =¢,,

Determination of the Thickness of the Laminar Sublayer and the Flow Velocity at its Edge

The velocity derivative has a discontinuity at the edge of the laminar sublayer
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(11)
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From the relations of the semi-empirical theory, p »5i‘~ =7 when y <o, = ol p , and when y = &, as-
4 Y
suming I =Ky, we find
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Substituting into (11), we obtain
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Since &; /6 is small, we may put 7y & Taking into account that p/p. = h/h, o=y (h/hw)Il we obtain
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Substituting gLL/I/p—L into (12), we obtain

et —te (1 (o g ) e (n )
bp =t Mo (g~ (=)= |. (13)
ey L GRECY I 2 )7

To determine ¢;, we puty = 6L’ ¢ = ¢ in (10), and obtain
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Deviation of the Relation Between £ and &

Puttingy = 8;, ¢ = ¢ in (9), we obtain the following equation relating ¢ and &:

L8, 1107 —24¢, —B —24—B
In -L = kL arcsin — L~ — arcsin ————— 15
5 V=4 Vi ( VB —#4C VB—4 ——4AC) @

Replacing §; and ¢, by their values in the first approximation, taking into account that 1/kg is small, expanding the
terms in brackets in series, and retaining terms containing 1/k¢ in the first degree, we obtain

udfv, = DkCexp (Ckl/u).

—_—— —5 —
C=1107 l/ ho {arcsm _M — aresin 1 — hw_j‘__]i‘i_} .
2P Iy ay € e
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Here

@ (1 —T, 4+ 0 )+ 8Prand by L, (1)as
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e?aq, Pr,
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—ﬁl[QPrTazi—_l— L Lt } Vh D}
a, 2 Vl—u

In order to obtain the friction drag of the plate, we must find a second equation relating the friction and the boundary
layer thickness.

_ R

We obtain this equation by using the integral relation expressing the momentum law,

Determination of the Ratio & **/8

By definition

i
= (P_cp(l_cp)df:/_=f&[,
J 0
§
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Since §; /§ < 1, in determining §** /§ we shall take values of ¢ and p/py, for the turbulent regime. To calcu-
late §%*/8, we integrate successively by parts and put the result in the form of a series in 1/k¢g:

Lo —pd Y = _ LI
w PTG LI07RC Y/ 7 e TR T

1 =
,_f Vhw_ 1 F, Fy
0

Then, taking account of the expression for pw/po, we obtain

g :l/l ———Zz 1 +
B I 1.107k ¢

w

Determination of the Friction Law

We use the integral relation expressing the momentum law

2 N du N ige
— Oy U OFF - pg Ul —— 8% =T,
dx

dx '

For the plate u = const and py = const, and therefore p,, = const also; making the assumption that TW = const, we may
write this equation as

Replacing I and u 8 /vy, by their values, evaluating the last integral approximately, and taking into account that 1/k¢
is small, we obtain

N F
Ei:DCZexp—g—kCV_ﬂ_(*lh-{— : +£—+...). (16)
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The local friction coefficient is Be?

C; == —— - == — .
g U? ¢ h, Q50
2
The friction coefficient for a plate of length I will be
! s az5
¢ 235, vy [ud 2 1—u J
C; = gy =S L e ( I R
! { u I Ay
0
] 0050 azs 100 125 pr.
Substituting for us/v_ and I, we obtain
v Fig. 1. Dependence of Bel on Prp forhy, =1 and
2 o C Prp =1; 1=M =2; 2=5; 3—10,
Cf:h ! ._u ——w—Dexp——_-kCl, an L
1.107 h, u u

where we determine &, from (16), putting x = I, For an incompressible fluid Cf is obtained for & = 0, i—lw =1, v, =v,.

Interpolation Formula for C

The formulas obtained for cf and C ¢ may be simplified within a certain range of variation of ¢. When  varies
in the limits 8 to 20, as shown in [2], the function 1n(z? exp §) may be represented approximately as the straight line:

In(ZZexpl) =n, +n,t,

where n; = 2, 9; np = 1. 16 for the range of variation of ¢ indicated, In this case

C rlp2re u nor i
expu?k‘ Rt =—6;exp(n1 +nyt), L =Cklu.
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Formula (16) may be written in the form

ux Du : = h 1
= exp (ny +n C)(]/ @ —~———{—>
v R2C ’ 1—u 1107 (ag)
Putting x =1 and neglecting the terms kLIC -+ —(;31—:—{;2)—2 in comparison with the first. we obtain
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Substituting &, from this formula into (17), we obtain
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Substituting the value of C and D and taking into account that ny = 2, 9; np = 1. 16; k = 0.39; ky/k = 11, we obtain

'C;=0.027Re™"*B(u, hy)expD,

B — (k)05 =20.79 [ Pw 0-139 —0.861
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Fig, 2. Dependence of 1/S(1) on Pr and Pry for ¢f =
=0(1-Pr;, =1.5; 2-1,0; 3-0,8; 4-0.5) and for

o7 =0.5(5-Pry,=0.5; 6-1; 7-1.5).
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The factor B (—11, Ew) exp D' characterizes the influence of the variable heat content and compressibility on the friction
drag of the plate. The factor exp D' characterizes the influence of Prj on the value of Cf. When Prp = 1, we obtain the
formula given in [2] for Ct.

To evaluate the influence of Prp on the friction drag, we give the dependence of BeP on Prp for Ew = 1 and for
various M (Fig. 1). It may be seen from the graph that the influence of Prr on Cy is insignificant, The influence of Pry
on @y, is more substantial, as may be seen from the expression for S(1) and R(1).

Influence of Pry on Heat Transfer

Using the expression for h (¢), derived at the beginning of this article, we obtain that

=o)Ll (2) L
w‘ pr ay y==0 pr aq) @ u‘ ay 5=0
Substituting the value of (gﬁ.) from (4), and taking into consideration that —a&‘ | =—% , we have
aCP w Y lyzo B

1 ~, h—h,

T PO« S()
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where

h, = hy - R (1) u?/2.
For the dimensionless heat transfer coefficient we obtain the expression

Jw Cr 1

St = = .
(h, —hg)eoe  2Pr(0) S(I)

Figure 2 shows the dependence of 1/S(1) as a function of Pry, and Pry for two values of ¢y. It follows from the graphs in
this figure that Pry has an appreciable influence on the value of the St number,

NOT ATION

vy, vy—velocity components along the coordinate axes; p, p, §t, A—pressure, viscosity and thermal conductivity re-
spectively; K—enthalpy of unit mass of gas; H="h + v§/2—-tota1 heat content of unit mass of gas; r and qy—components
of friction stress tensor and heat flux vector; R—gas constant; M~molecular weight; Pr—Prandtl number; u, py, ho, Hy =
=h + u?/2~values characterizing the external flow; p,,—density at wall; §; —thickness of laminar sublayer; gj—velocity
at edge of laminar sublayer.
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